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Abstract: We consider type II backgrounds of the form R1,d−1 × M10−d for even d,
preserving 2d/2 real supercharges; for d = 4, 6, 8 this is minimal supersymmetry in d di-
mensions, while for d = 2 it is N = (2, 0) supersymmetry in two dimensions. For d = 6 we
prove, by explicitly solving the Killing-spinor equations, that there is a one-to-one corre-
spondence between background supersymmetry equations in pure-spinor form and D-brane
generalized calibrations; this correspondence had been known to hold in the d = 4 case.
Assuming the correspondence to hold for all d, we list the calibration forms for all admissi-
ble D-branes, as well as the background supersymmetry equations in pure-spinor form. We
find a number of general features, including the following: The pattern of codimensions at
which each calibration form appears exhibits a (mod 4) periodicity. In all cases one of the
pure-spinor equations implies that the internal manifold is generalized Calabi-Yau. Our
results are manifestly invariant under generalized mirror symmetry.
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1. Introduction
Generalized geometry [1, 2] (see [3] for a review) provides a natural mathematical frame-
work for the description of type II flux backgrounds. It has lead to important insights into
many recent developments, such as explicit supersymmetric solutions, effective actions,
sigma models, as well as supersymmetry breaking and non-geometry. In the language of
generalized geometry the supersymmetry conditions for a background of the form R1,3×M6
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are expressed as a set of first-order differential equations for two complex pure spinors of
Cliff(6, 6) [4]; the latter can be thought of equivalently as polyforms on M6.
The close connection between background supersymmetry and calibrated branes [5, 6,
7] has been noted in various different setups [8, 9, 10], and calibrations have a natural
interpretation within the context of generalized geometry [11, 12, 13, 14, 15]. For type II
backgrounds of the form R1,3 ×M6 in particular, this connection works as follows [12]:
When written in their pure-spinor form, the supersymmetry equations of the background1
are in one-to-one correspondence with the differential conditions obeyed by the calibration
forms of all admissible static, magnetic D-branes in that background. It is natural to
expect that this correspondence extends more generally to all type II backgrounds of the
form R1,d−1 ×M10−d which can be described with generalized geometry (as we will see in
the following this requirement restricts d to be even).
In the present paper we show that this is indeed the case for minimally-supersymmetric
(four complex supercharges), type II backgrounds of the form R1,5×M4. We prove this by
a brute-force computation involving the following steps: a) we explicitly give the general
solution of the Killing-spinor equations (i.e. the supersymmetry conditions) of the back-
ground; b) we write down the set of differential equations, in pure-spinor form, obeyed by
all admissible static, magnetic, calibrated D-branes in that background; c) we show that
the solution of the set of equations in b) is the same as the solution in a).
Based on these results, we conjecture that the one-to-one correspondence between cali-
brated D-branes and background supersymmetry holds for all (even) d, for backgrounds
of the form R1,d−1 ×M10−d with 2d/2−1 complex supercharges. This is the amount of su-
persymmetry parameterized by a complexified Weyl spinor in d dimensions: for d = 4, 6, 8
it corresponds to minimal supersymmetry in d dimensions; for d = 2 it corresponds to
N = (2, 0) supersymmetry in two dimensions.
Assuming the correspondence to be true allows us to deduce the supersymmetry equations
for the background in pure-spinor form for the remaining two non-trivial cases correspond-
ing to d = 2, 8, by performing the much easier task of computing the calibration forms of all
admissible D-branes in that background. The summary of the supersymmetry equations
for all R1,d−1×M10−d backgrounds with 2d/2−1 complex supercharges is given in eq. (1.1)
below;
1In this paper we assume that the internal manifold admits a pair of compatible, globally-defined,
nowhere-vanishing pure spinors; as will be reviewed in the following, this implies the reduction of the
structure group of the direct sum of the tangent and cotangent bundles of the internal manifold to SU(k)×
SU(k), where k := (10− d)/2. We will moreover assume that the background admits calibrated D-branes;
this implies a certain restriction on the norm of the Killing spinors of the background.
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1dH
(
e(d−4r)A−ΦReΨ1
)
= δr,0F
el d− 4r ≥ 1
dH
(
e(d−2−4r)A−ΦImΨ1
)
= 0 d− 2− 4r ≥ 1
dH
(
e[
1
2
(d+2)−4r]A−ΦΨ2
)
= 0 12(d+ 2)− 4r ≥ 1 ,
(1.1)
1
where r ∈ N; our notation and conventions for the fluxes are described in detail in section 3.
As will be explained in detail in the following sections, each of these pure-spinor equations
can be thought of as the differential condition obeyed by the calibration form for a D-
brane of the corresponding codimension – the latter being equal to d minus the coefficient
of A in the exponential. For each d the different calibration forms and their corresponding
codimensions are given in table 1.
External spacetime dimension d
2 4 6 8
C
o
d
im
en
si
on
0 e2A−ΦReΨ1, e2A−ΦΨ2 e4A−ΦReΨ1 e6A−ΦReΨ1 e8A−ΦReΨ1
1 e3A−ΦΨ2
2 e2A−ΦImΨ1 e4A−ΦImΨ1, e4A−ΦΨ2 e6A−ΦImΨ1
3 e5A−ΦΨ2
4 e2A−ΦReΨ1 e4A−ΦReΨ1
5
6 e2A−ΦImΨ1
7 eA−ΦΨ2
Table 1: The ‘periodic table’ of calibration forms for all d, each of them corresponding to a
background supersymmetry pure-spinor equation. This one-to-one correspondence had been known
to hold in the d = 4 case, and in the present paper is also shown to hold in the d = 6 case. Based
on these results we conjecture it to hold for the d = 2, 8 cases as well.
Having the complete ‘periodic table’ of pure-spinor supersymmetry equations and their
one-to-one correspondence with calibrations, allows one to identify a number of general
patterns:
• The ‘critical dimension’ where there are four (real) pure-spinor equations for two
(complex) pure spinors Ψ1,2 is d = 4. For d > 4 there are more equations; for d < 4
there are fewer equations.
• One of the equations is always the (twisted) closure of a pure spinor (Ψ2 with an
– 3 –
appropriate warp factor). As will be reviewed in the following, this implies that the
internal manifold is Generalized Calabi-Yau.2
• ReΨ1 is associated with calibrations of codimension 0 mod 4, while ImΨ1 is associ-
ated with calibrations of codimension 2 mod 4; Ψ2 is associated with calibrations of
codimension (d/2− 1) mod 4.
• Eqs. (1.1) as well as the generalized calibrations of table 1 take the same form in
both IIA and IIB, hence our results are manifestly invariant under ‘generalized mirror
symmetry’.3
Finally, as an illustration of the pure-spinor formalism in the d = 6 case, we construct a
type IIB warped K3 solution with spacetime-filling D5 branes localized on the K3. In the
degenerate limit where K3 is replaced by a T 4 we show that the solution coincides with
the one obtained using the ‘harmonic superposition rules’ for a stack of D5 branes in flat
space. We also construct a T-dual IIA warped S1 × T 3 solution with spacetime-filling D6
branes localized on the T 3 and wrapping the S1.
The remainder of the paper is organized as follows. In section 2 we give a brief introduction
to generalized geometry. The type II flux backgrounds which we consider are described
in detail in section 3. Section 3.1 contains a review of calibrations in the present context.
The different admissible D-brane calibrations for all d are constructed in section 4. We
give our conclusions in section 5. In appendix A we list some useful spinor and gamma-
matrix identities. Appendix B contains our proof of the one-to-one correspondence between
background supersymmetry equations and calibrations in d = 6. The warped K3 and
S1 × T 3 solutions are given in appendix C.
2. Generalized geometry
For completeness we briefly review here the relevant concepts of generalized complex geom-
etry [1, 2]. We refer to e.g. the recent review [3] for detailed explanations and references.
Generalized almost complex structures
Generalized complex geometry is an extension of both complex and symplectic geometry,
interpolating, in a sense which we will make precise in the following, between these two
special cases. Consider an even-dimensional manifold M2k. One can equip the sum of
tangent and cotangent bundles T ⊕ T ∗ with a metric of maximally indefinite signature
G (the pairing between vectors and forms), reducing the structure group to O(2k, 2k).
Imposing in addition the existence of an almost complex structure I on T ⊕ T ∗ associated
2In the limit of vanishing flux the internal manifold reduces to an ordinary Calabi-Yau. Recall that in
two real dimensions a Calabi-Yau manifold is a T 2, while in four real dimensions it is a K3 surface.
3Generalized mirror symmetry may be thought of as the action of reversing the chirality of the pure
spinors Ψ1,2 in IIA/IIB. Explicitly, if we define Ψ+ = Ψ2/1 and Ψ− = Ψ1/2 in IIA/IIB, then generalized
mirror symmetry acts by exchanging Ψ+ ↔ Ψ− and IIA ↔ IIB. We refer to [3] for further discussion.
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with the metric G (i.e. such that G is hermitian with respect to I), further reduces the
structure group to U(k, k).
A pair I1,2 of compatible almost complex structures on T⊕T ∗ (i.e. such that they commute
and they give rise to a positive definite metric) further reduces the structure group to
U(k)× U(k). The metric on T ⊕ T ∗ associated with the pair I1,2 can be seen to give rise
to both a positive definite metric g and a B-field on T .
(Generalized) almost complex structures and pure spinors
Just as there is an equivalence between almost complex structures on T and line bundles of
pure Weyl spinors of Cliff(2k),4 there is an equivalence between almost complex structures
on T ⊕T ∗ and line bundles of pure spinors of Cliff(2k, 2k). Demanding that the line bundle
of pure spinors of Cliff(2k, 2k) have a global section, reduces the structure group of T ⊕T ∗
from U(k, k) (which was accomplished by the existence of a generalized almost complex
structure) to SU(k, k).
Spinors on T ⊕ T ∗, bispinors on T , polyforms in Λ•T ∗
There is a natural action of T ⊕ T ∗ on the bundle Λ•T ∗ of differential forms on M2k,
whereby every vector acts by contraction and every one-form by exterior multiplication.
It can easily be seen that this action obeys the Clifford algebra Cliff(2k, 2k) associated
with the maximally indefinite metric G on T ⊕ T ∗. It follows that there is an isomorphism
Cliff(2k, 2k) ≈ End(Λ•T ∗), which means that spinors on T ⊕ T ∗ can be identified with
polyforms (i.e. sums of forms of different degrees) in Λ•T ∗.
On the other hand, there is a correspondence between polyforms of Λ•T ∗ and bispinors on
T . This correspondence is a canonical isomorphism, up to a choice of the volume form,
and is explicitly realized by the Clifford map:
ψα⊗ χ˜β = 1
2k
2k∑
p=0
1
p!
(χ˜γmp...m1ψ)γ
m1...mp
αβ ←→
1
2k
2k∑
p=0
1
p!
(χ˜γmp...m1ψ)e
m1 ∧· · ·∧emp , (2.1)
where the first equality is the Fierz identity.
Pairs of compatible pure spinors and SU(k)× SU(k) structures
It follows from the above discussion that the condition of compatibility of a pair of gen-
eralized almost complex structures should be expressible as a condition of compatibility
on a pair of (line bundles of) pure spinors of Cliff(2k, 2k) – which, as already mentioned,
can alternatively be thought of as either bispinors of Cliff(2k) or, through eq. (2.1), as
polyforms. Indeed, the most general form of a pair Ψ1,2 of compatible pure spinors of
4Recall that pure Weyl spinors may be defined as the spinors which are annihilated by precisely those
gamma matrices that are holomorphic (or antiholomorphic, depending on the convention) with respect to
an almost complex structure.
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Cliff(2k, 2k) is given by:
Ψ1 =
(2i)k
|a|2 η1 ⊗ η˜
c
2
Ψ2 =
(2i)k
|a|2 η1 ⊗ η˜2 ,
(2.2)
where η1,2 are pure spinors
5 of Cliff(2k). The normalization above is chosen for future
convenience, and we have imposed that the background admits calibrated branes, in which
case η1,2 have equal norm: |a|2 := η˜1ηc1 = η˜2ηc2; see appendix A for our spinor conventions.
Provided the pair of pure spinors above is globally defined and nowhere vanishing (in
other words: if the corresponding line bundles of pure spinors have nowhere-vanishing
global sections), the structure group of T ⊕T ∗ is further reduced from U(k)×U(k) (which
was accomplished by the existence of a pair of compatible generalized almost complex
structures) to SU(k)× SU(k).
Generalized complex manifolds, and GCY
The correspondence between generalized almost complex structures and pure spinors allows
one to express the condition of integrability of a generalized almost complex structure as a
certain first-order differential equation for the associated pure spinor, which may then also
be called integrable. A manifoldM2k is called generalized complex if it admits an integrable
pure spinor. It can be shown that if M2k is generalized complex, it is locally equivalent
to Cq × (R2(k−q), J), with J the standard symplectic structure; thus generalized complex
geometry can be said to be an interpolation between complex and symplectic geometries.
The integer q is called the type, and need not be constant over M2k.
A generalized Calabi-Yau (GCY) is a special case of a generalized complex manifold. It
is defined as a manifold M2k on which a pure spinor Ψ exists, obeying the differential
condition6
dHΨ = 0 , (2.3)
where dH := d+H ∧ and H = dB is the field strength of the B field. The presence of the
latter should not be too surprising, as we have already mentioned that pairs of compatible
pure spinors naturally incorporate a B field.
3. Supersymmetric flux backgrounds
Let us now describe our supergravity setup in more detail.
We consider ten-dimensional type IIA/IIB backgrounds of the form:
ds2 = e2Ads2(R1,d−1) + ds2(M10−d) , (3.1)
5 Note that for k ≤ 3, Weyl spinors of Cliff(2k) are automatically pure. For the case k = 4 one has to
impose in addition one complex condition; we will return to this in section 4.4.
6This is also sometimes called the ‘twisted’ Calabi-Yau condition; the pure spinor Ψ is thought of as a
polyform in Λ•T ∗ via the Clifford map (2.1).
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where:
d = 2, 4, 6, 8 . (3.2)
The case d = 10 is trivial and will not be considered separately. The warp factor A is taken
to only depend on the coordinates of the ‘internal’ Riemannian manifold M10−d.
We assume that not all RR charges are zero; the case with zero RR charges has already
been analyzed in [9]. The most general RR charges respecting the Poincare´ symmetry of
our setup are of the form:7
F tot = vold ∧ F el + F , (3.3)
where vold is the unwarped volume element of R1,d−1, and we are using polyform notation.
We denote by F the ‘magnetic’ RR charges with legs on the intenral space M10−d. The
ten-dimensional Hodge duality relates F to the ‘electric’ RR charges via:
F el =
(
eA
)d
?10−d σ(F ) , (3.4)
where the Hodge star above is with respect to the internal metric, and the involution σ
acts by inverting the order of the form indices.
We consider backgrounds preserving 2d/2−1 complex supercharges. Note that the dimension
of a Weyl spinor of R1,d−1 is precisely dim(Weyld) = 2d/2−1, so that the supercharges are
parameterized by a complexified8 Weyl spinor ζ of R1,d−1. More explicitly, the Killing
spinors of the ten-dimensional background are given by:
i = ζ ⊗ ηi + c.c. , (3.5)
where i = 1, 2, so that 1,2 are ten-dimensional Majorana-Weyl spinors of opposite, the same
chirality for IIA, IIB respectively. The spinors η1,2 are pure Weyl spinors (cf. footnote 5)
of Cliff(10− d) of opposite, the same chirality for IIA, IIB respectively. The precise form
of the complex conjugate on the right hand side of the equation above depends on the
dimension d and will be given explicitly in the following.
For d = 4, 6, 8 the Killing spinor ansatz given in eq. (3.5) corresponds to minimal super-
symmetry in d dimensions; for d = 2 it corresponds to N = (2, 0) supersymmetry in two
dimensions.
3.1 Calibrations
The close connection between supersymmetry and calibrations was noted some time ago
[5, 6, 7]. More recently, generalized calibrations in flux backgrounds were shown to have a
natural interpretation in terms of generalized geometry [11, 12, 14]. In this section we will
briefly review the relevant results, referring the reader to [3] or the original literature for
further details.
7We follow the ‘democratic’ supergravity conventions of [16], see appendix A therein.
8We use the terminology ‘complexified’ for a Weyl spinor with complex components. The term ‘complex
Weyl spinor’ is reserved for Weyl spinors whose complex conjugate has opposite chirality.
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Consider the energy density E(Σ,F) of a static, magnetic (i.e. without electric worldvolume
flux) D-brane in our setup, filling q external spacetime dimensions and wrapping a cycle
Σ in the internal space (for our purposes it will not be necessary to take higher-order
corrections into consideration):
E(Σ,F) = eqA−Φ
√
det(g + F)− δq,d
(
Cel ∧ eF
)
Σ
, (3.6)
where g is the induced worldvolume metric on Σ, F is the worldvolume flux: dF = H|Σ,
and Cel is the electric RR flux potential: dHC
el = F el, cf. eq. (3.3). Note that unless the
brane fills all the external spacetime directions, the second term on the right hand side
above vanishes. This property of the energy density follows from the form of the ansatz
for the RR fields, eq. (3.3), which is such that it preserves the d-dimensional Poincare´
invariance of the background.
A polyform ω (defined in the whole of the internal space) is a generalized calibration form
if, for any cycle Σ, it satisfies the algebraic inequality:(
ω ∧ eF)
Σ
≤ dσeqA−Φ
√
det(g + F) , (3.7)
where σ collectively denotes the coordinates of Σ, together with the differential condition:9
dHω = δq,dF
el . (3.8)
A generalized submanifold (Σ,F) is called calibrated by ω, if it saturates the bound given
in eq. (3.7) above.
The upshot of the above discussion is that D-branes wrapping generalized calibrated sub-
manifolds minimize their energy within their (generalized) homology class. Recall that
(Σ,F), (Σ′,F ′) are in the same generalized homology class if there is a cycle Σ˜ such that
∂Σ˜ = Σ′ − Σ and there exists an extension of the worldvolume flux F˜ on Σ˜ such that:
F˜ |Σ = F and F˜ |Σ′ = F ′. Then, if (Σ,F) is calibrated by ω we have, using Stokes theorem
as well as eqs. (3.6-3.8):∫
Σ′
dσ E(Σ′,F ′) ≥
∫ (
ω − δq,dCel
)
Σ′
∧ eF ′ =
∫ (
ω − δq,dCel
)
Σ
∧ eF =
∫
Σ
dσ E(Σ,F) .
(3.9)
For type II backgrounds, the generalized calibration form ω can be constructed explicitly
as follows. As explained in [13] one has to break the SO(1, 9) symmetry of the tangent
bundle of spacetime to SO(9). We decompose the Killing spinors:
1 =
(
1
0
)
⊗ χ1 , 2 =
(
1
0
)
⊗ χ2 (IIB) , 2 =
(
0
1
)
⊗ χ2 (IIA) , (3.10)
9Alternatively the calibration form is sometimes defined to obey:(
ω′ ∧ eF
)
Σ
≤ dσE(Σ,F) ,
as well as the differential condition:
dHω
′ = 0 .
The two definitions are related by: ω′ = ω − δq,dCel; the one we adopt in the main text is more natural
from the point of view of the calibrations/background supersymmetry correspondence.
– 8 –
where χ1,2 are real, commuting spinors of SO(9). The ten-dimensional gamma matrices
decompose accordingly as
Γ0 = (iσ2)⊗ 1 , Γm = σ1 ⊗ γm , Γ11 = σ3 ⊗ 1 , (3.11)
where σi are the Pauli matrices, and γm = em
aγa are nine-dimensional gamma matrices,
with em
a the (warped) vielbein associated with the metric in (3.1).
Using the SO(9) spinors χ1,2 one can construct on the nine-dimensional space the real
polyform
Ω :=
∑
p even/odd
eA−Φ
p!|a|2
(
χ˜1γm1...mpχ2
)
dxm1 ∧ . . . ∧ dxmp , (3.12)
where one has to sum over p even/odd in IIA/IIB respectively, and we have normalized:
χ˜1χ1 = χ˜2χ2 = |a|2 . (3.13)
The equality of the norms of χ1,2 can be seen to follow from the requirement that the
background admits kappa-symmetric branes which do not break the supersymmetry of the
background. In this case, it can be shown on rather general grounds that supersymmetry
implies |a|2 ∝ eA. We will choose the proportionality constant so that:
|a|2 = eA . (3.14)
Let us denote by Ω(q−1) the sum of all terms in (3.12) which contain exactly (q−1) external
spatial directions. Slightly adapting the proof in appendix A.3 of [14] to the present setup,
it can then be seen that the following polyform:
ω(d−q) :=
Ω(q−1)
vol
(q−1)
sp
, (3.15)
is a calibration form for static, magnetic D-branes filling q external spacetime directions.
In the above vol
(q−1)
sp is the unwarped volume density along the (q − 1) external spatial
directions that the brane fills, and the superscript of ω denotes the codimension with
respect to the external d-dimensional spacetime. Note that this is not in general equal to
the codimension of the branes with respect to the ten-dimensional spacetime: the branes
wrap p-dimensional cycles in the internal space such that p+ q = odd/even in IIA/IIB.
Indeed it can be seen that ω(d−q) defined in eq. (3.15) satisfies the algebraic inequality
(3.7). Moreover, for ω(d−q) to satisfy the differential condition (3.8), it suffices that [14]:
ιv+F = 0 ; and v− = 0 , (3.16)
where the vectors v± are given by:
vm± :=
{
(χ˜1γ
mχ1)∓ (χ˜2γmχ2) , in IIA
(χ˜1γ
mχ1)± (χ˜2γmχ2) , in IIB . (3.17)
It can be easily verified that the conditions in eq. (3.16) are automatically satisfied for all
the backgrounds which will be considered in sections 4.1 - 4.4.
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4. Calibrations and supersymmetry in diverse dimensions
We will now apply the method described in section 3.1 to construct the calibration forms
for all supersymmetric backgrounds of the type described at the beginning of section 3.
We start by reviewing the well-known d = 4 case in section 4.1. The supersymmetry
equations can be cast in the form of four real first-order differential equations for two
(complex) pure spinors of Cliff(6, 6), one of which imposes the GCY condition [4]. Moreover,
the result of the calibration analysis is that there is a one-to-one correspondence between
the supersymmetry pure-spinor equations for the background (assuming the background
admits calibrations so that eq. (3.13) holds), and the differential equations obeyed by the
generalized calibrations in that background [12].
We then repeat the analysis for the d = 6 case in section 4.2. We construct the generalized
calibrations for the background and we express the differential equations which they obey
as a set of five real first-order equations for two (complex) pure spinors of Cliff(4, 4). A
brute force calculation given in appendix B shows that, as for the d = 4 case, the content of
these five real pure-spinor equations is precisely equivalent to the supersymmetry equations
for the background – assuming the background admits calibrations. Moreover, as in the
d = 4 case, one of the consequences of supersymmetry is that the internal manifold is GCY.
The remaining two cases, d = 8, 2, are discussed in sections 4.3, 4.4 respectively. We work
out the differential conditions for the generalized calibrations in these backgrounds and
express them as first-order differential equations for two (complex) pure spinors. As in the
previous two cases, the equations imply that the internal manifold is GCY. For these last
two cases we do not verify that the differential conditions thus obtained are equivalent to
the superymmetry equations – although we conjecture it to be true, based on the results
of the d = 4, 6 cases. The result of the analysis for all d is summarized in eq. (1.1) and
table 1 of the introduction.
Before we proceed to the case-by-case analysis, let us also mention that the spinor ansatz
of eq. (3.5) must be modified in order to take into account the SO(1, 9)→ SO(9) reduction
of eq. (3.10). Under SO(1, d− 1)→ SO(d− 1) the Weyl spinor ζ, which transforms in the
2
d/2−1
+ of SO(1, d− 1), restricts to the 2d/2−1 of SO(d− 1); we will denote the restriction
to SO(d− 1) by θ. The spinor ansatz then takes the form of eq. (3.10), with:
χi =
1√
2
(θ ⊗ ηi + c.c.) , (4.1)
where i = 1, 2 and ηi are the same pure Weyl spinors of Cliff(10 − d) as in eq. (3.5). We
assume the normalization: θ˜θc = 1, η˜iη
c
i = |a|2, i = 1, 2, so that (3.13) is obeyed. The
precise form of the complex conjugate on the right-hand sides of the equations above will
be given explicitly for each case in the following.
This restriction on the norms of the ηi’s (following from the requirement that the back-
ground admit calibrated D-branes) implies, taking eq. (3.14) into account, that the pair
of compatible pure spinors defined in eq. (2.2) are non-vanishing provided the warp factor
– 10 –
A is finite. We will assume that they are also globally defined; as reviewed in section 2,
this implies the reduction of the structure group10 of the direct sum of the tangent and
cotangent bundles of the internal manifold to SU(k)× SU(k), where k := (10− d)/2.
4.1 d=4
The pure spinor equations for supersymmetric backgrounds of the form R1,3 ×M6 with
two complex supercharges, i.e. minimal supersymmetry in four dimensions, were worked
out in [4]. In [12] it was subsequently shown that the differential conditions for generalized
calibrations for static, magnetic D-branes in this background are in one-to-one correspon-
dence with the supersymmetry equations in pure-spinor form. We shall review this case
here for completeness.
Under SO(9) → SO(3) × SO(6) the nine-dimensional gamma matrices and charge conju-
gation matrix decompose as:
Γi = σi ⊗ γ7 , Γm+3 = 1⊗ γm , C9 = C3 ⊗ γ7C6 , (4.2)
where {σi, i = 1, 2, 3}, {γm, m = 1, . . . , 6} are three-, six-dimensional gamma matrices,
respectively, and γ7 is the six-dimensional chirality matrix. In our spinor conventions, de-
scribed in appendix A, it can then be seen that the explicit form of the spinor decomposition
eq. (4.1) reads:
χ1 =
1√
2
(θ ⊗ η1 − θc ⊗ ηc1) ; χ2 =
1√
2
(θ ⊗ η2 ± θc ⊗ ηc2) , (4.3)
where θ is in the 2 of SO(3) and η1, η2 are Weyl spinors in the 4 of SO(6), with γ7η1 = η1
and γ7η2 = ∓η2 in IIA/IIB.
Plugging the above expressions for χ1,2 into eq. (3.12, 3.15), taking eqs. (A.10, A.11, A.13)
into account, we find that the only non-vanishing calibration forms occur at codimen-
sions zero (spacetime-filling), one (domain walls), and two (D-strings) with respect to the
external spacetime. The explicit expressions read:
ω(0) = e4A−ΦReΨ1
ω(1) = e3A−ΦIm
(
eiϕΨ2
)
ω(2) = e2A−ΦImΨ1 ,
(4.4)
where we have taken eq. (2.2) into account. The phase ϕ on the right hand side of the
second line comes from the normalization:
1
2
(θ˜σijθ) dx
i ∧ dxj = eiϕvol(2)sp , (4.5)
where as in eq. (3.15) vol
(q−1)
sp is the unwarped volume density along the (q−1)-dimensional
external space that the brane fills.
10The reduction of the structure group of the internal manifold is, in general, not a necessary condition
for supersymmetric backgrounds [17]; see [18] for a recent explicit example.
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The connection between the generalized calibrations (4.4) and background supersymmetry
is made by taking the differential equation (3.8) into account. We thus obtain the following
equations:
dH
(
e4A−ΦReΨ1
)
= F el
dH
(
e2A−ΦImΨ1
)
= 0
dH
(
e3A−ΦΨ2
)
= 0 ,
(4.6)
which are equivalent to the background supersymmetry equations [4]. Note that the last
equation above is precisely the GCY condition for the pure spinor e3A−ΦΨ2; it is obtained
by imposing dHω
(1) = 0 for all ϕ, with ω(1) given in eq. (4.4).
The background supersymmetry equations (4.6) and their correspondence with the D-brane
calibrations eq. (4.4) is summarized in the d = 4 column of table 1 and eq. (1.1) of the
introduction.
4.2 d=6
Let us now consider supersymmetric backgrounds of the form R1,5 ×M4 preserving four
complex supercharges, i.e. minimal supersymmetry in six dimensions. We will show that,
as in the d = 4 case, the differential conditions for generalized calibrations for static,
magnetic D-branes in this background are in one-to-one correspondence with the super-
symmetry equations in pure-spinor form.
Under SO(9) → SO(5) × SO(4) the nine-dimensional gamma matrices and charge conju-
gation matrix decompose as:
Γi = σi ⊗ γ5 , Γm+5 = 1⊗ γm , C9 = C5 ⊗ C4 , (4.7)
where {σi, i = 1, . . . , 5}, {γm, m = 1, . . . , 4} are five-, four-dimensional gamma matrices,
respectively, and γ5 is the four-dimensional chirality matrix. It can then be seen that the
explicit form of the spinor decomposition eq. (4.1) reads:
χi =
1√
2
(θ ⊗ ηi + θc ⊗ ηci ) , (4.8)
where i = 1, 2; θ is in the 4 of SO(5) and η1, η2 are Weyl spinors in the 2 of SO(4), with
γ5η1 = η1 and γ7η2 = ∓η2 in IIA/IIB.
Plugging the above expressions for χ1,2 into eq. (3.12, 3.15), taking eqs. (A.10, A.11, A.13)
into account, we find that the only non-vanishing calibration forms occur at codimensions
zero (spacetime-filling), two and four with respect to the external spacetime. The explicit
expressions read:
ω(0) = e6A−ΦReΨ1
ω(2) = e4A−ΦRe
(
eiϕΨ2
)
+ e4A−ΦImΨ1
ω(4) = e2A−ΦReΨ1 ,
(4.9)
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where we have taken eq. (2.2) into account. The phase ϕ on the right hand side of the
second line comes from the normalization:
1
3!
(θ˜σijkθ) dx
i ∧ dxj ∧ dxk = eiϕvol(3)sp , (4.10)
where as in eq. (3.15) vol
(q−1)
sp is the unwarped volume density along the (q−1)-dimensional
external space that the brane fills.
The connection between the generalized calibrations (4.9) and background supersymmetry
is made by taking the differential equation (3.8) into account. We thus obtain the following
equations:
dH
(
e6A−ΦReΨ1
)
= F el
dH
(
e4A−ΦImΨ1
)
= 0
dH
(
e2A−ΦReΨ1
)
= 0
dH
(
e4A−ΦΨ2
)
= 0 .
(4.11)
The last equation above is precisely the GCY condition for the pure spinor e4A−ΦΨ2; that
and the equation in the second line above are obtained by imposing dHω
(2) = 0 for all ϕ,
with ω(2) given in eq. (4.9).
A tedious but straightforward brute-force calculation, given in appendix B, shows that
the content of eqs. (4.11) is precisely equivalent to the supersymmetry equations for the
background, thus proving the one-to-one correspondence between supersymmetry and D-
brane calibrations. This correspondence is summarized in the d = 6 column of table 1 and
eq. (1.1) of the introduction.
4.3 d=8
Let us consider supersymmetric backgrounds of the form R1,7×M2 preserving eight com-
plex supercharges, i.e. minimal supersymmetry in eight dimensions.
Under SO(9) → SO(7) × SO(2) the nine-dimensional gamma matrices and charge conju-
gation matrix decompose as:
Γi = σi ⊗ γ3 , Γm+7 = 1⊗ γm , C9 = C7 ⊗ γ3C2 , (4.12)
where {σi, i = 1, . . . , 7}, {γm, m = 1, 2} are seven-, two-dimensional gamma matrices, re-
spectively, and γ3 is the two-dimensional chirality matrix. It can then be seen that the
explicit form of the spinor decomposition eq. (4.1) reads:
χ1 =
1√
2
(θ ⊗ η1 − θc ⊗ ηc1) ; χ2 =
1√
2
(θ ⊗ η2 ± θc ⊗ ηc2) , (4.13)
where θ is in the 8 of SO(7) and η1, η2 are Weyl spinors in the 1 of SO(2), with γ3η1 = η1
and γ3η2 = ∓η2 in IIA/IIB.
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Plugging the above expressions for χ1,2 into eq. (3.12, 3.15), taking eqs. (A.10, A.11, A.13)
into account, we find that the only non-vanishing calibration forms occur at codimen-
sions zero (spacetime-filling), two, three, four, six and seven with respect to the external
spacetime. The explicit expressions read:
ω(0) = e8A−ΦReΨ1
ω(2) = e6A−ΦImΨ1
ω(3) = e5A−ΦIm(eiϕΨ2)
ω(4) = e4A−ΦReΨ1
ω(6) = e2A−ΦImΨ1
ω(7) = eA−ΦIm(eiξΨ2) ,
(4.14)
where we have taken eq. (2.2) into account and we have set: (θ˜θ) = eiξ. Moreover, the
phase ϕ on the right hand side of the third line comes from the normalization:
1
4!
(θ˜σi1...i4θ) dx
i1 ∧ · · · ∧ dxi4 = eiϕvol(4)sp , (4.15)
where as in eq. (3.15) vol
(q−1)
sp is the unwarped volume density along the (q−1)-dimensional
external space that the brane fills.
Taking into account the fact that the generalized calibrations (4.14) obey the differential
equation (3.8), we obtain the following equations:
dH
(
e8A−ΦReΨ1
)
= F el
dH
(
e6A−ΦImΨ1
)
= 0
dH
(
e4A−ΦReΨ1
)
= 0
dH
(
e2A−ΦImΨ1
)
= 0
dH
(
e5A−ΦΨ2
)
= 0
dH
(
eA−ΦΨ2
)
= 0 .
(4.16)
Note that the last two equations above are precisely the GCY condition for the pure spinors
e5A−ΦΨ2, eA−ΦΨ2, respectively; they are obtained by imposing dHω(3,7) = 0 for all ϕ, ξ;
with ω(3,7) given in eq. (4.14).
Based on the results for d = 4, 6, we conjecture that the content of eqs. (4.16) should be
precisely equivalent to the supersymmetry equations for the background. Assuming the
correspondence to be true, the results of this section are summarized in the d = 8 column
of table 1 and eq. (1.1) of the introduction.
4.4 d=2
Let us consider supersymmetric backgrounds of the form R1,1×M8 preserving one complex
supercharge, corresponding to N = (2, 0) supersymmetry in two dimensions.
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Under SO(9) → SO(8) the nine-dimensional gamma matrices and charge conjugation
matrix decompose as:
Γm = γm , Γ9 = γ9 , C9 = C8 , (4.17)
where {γm, m = 1, . . . , 8} are eight-dimensional gamma matrices, and γ9 is the eight-
dimensional chirality matrix. It can then be seen that the explicit form of the Killing
spinor decomposition eq. (4.1) reads:
χi =
1√
2
(
e
iϕ
2 ηi + e
− iϕ
2 ηci
)
, (4.18)
where i = 1, 2, ϕ is a phase and η1, η2 are pure Weyl spinors
11 in the 8 of SO(8), with
γ9η1 = η1 and γ9η2 = ∓η2 in IIA/IIB.
Plugging the above expressions for χ1,2 into eq. (3.12, 3.15), taking eqs. (A.10, A.11, A.13)
into account, we find that the only non-vanishing calibration form occurs at codimensions
zero (spacetime-filling). The explicit expression reads:
ω(0) = e2A−ΦRe
(
eiϕΨ2
)
+ e2A−ΦReΨ1 , (4.20)
where we have taken eq. (2.2) into account. The phase ϕ on the right hand side is the same
as in eq. (4.18).
Taking into account the fact that the generalized calibrations (4.20) obey the differential
equation (3.8), we obtain the following equations:
dH
(
e2A−ΦReΨ1
)
= F el
dH
(
e2A−ΦΨ2
)
= 0 .
(4.21)
The equations above are obtained by imposing dHω
(0) = F el for all ϕ, with ω(0) given in
eq. (4.20). The second of the two equations is precisely the GCY condition for the pure
spinor e2A−ΦΨ2.
11Note that, as already mentioned, not all Weyl spinors of SO(8) are pure. If η is a pure Weyl spinor,
the purity of η can be seen to be equivalent to the condition:
η˜η = 0 . (4.19)
This condition can only be satisfied (for non-vanishing η) if η is complexified. Given a pair ηR, ηI of
orthogonal Majorana-Weyl spinors of SO(8) of the same chirality:
η˜RηR = η˜IηI = |a|2 ; η˜RηI = 0 ,
one can construct the complexified pure spinor η through:
η :=
1√
2
(ηR + iηI) .
These are precisely the conditions imposed on the internal part of the Killing spinor in N = 2 M-theory
compactifications on eight-manifolds of the type considered in [19].
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Based on the results for d = 4, 6, we conjecture that the content of eqs. (4.21) should be
precisely equivalent to the supersymmetry equations for the background. Assuming the
correspondence to be true, the results of this section are summarized in the d = 2 column
of table 1 and eq. (1.1) of the introduction.
5. Conclusions
We considered type II backgrounds of the form R1,d−1 × M10−d for even d, preserving
2d/2−1 complex supercharges – as many as the components of a complexified Weyl spinor
of SO(1, d − 1). For d = 6 we proved that there is a one-to-one correspondence between
background supersymmetry equations in pure-spinor form and D-brane generalized cali-
brations – a fact which was already known in the d = 4 case. We conjectured that this
one-to-one correspondence should hold for general d, and used this to ‘predict’ the back-
ground supersymmetry equations in pure-spinor form for the d = 2, 8 cases. It would be
nice to verify our conjecture for d = 2, 8 by either a brute-force computation, as we have
done here in the d = 6 case, or by a counting argument, as in [20] for the d = 4 case.
We expect our results for the background supersymmetry equations in pure-spinor form to
be useful in finding novel flux vacua. Of course in this case one would also have to solve
the Bianchi identities in addition to the supersymmetry equations [21, 22, 13]. The study
of generalized calibrations has shed light to the construction of effective actions, and has
recently suggested a way to break supersymmetry in a controlled way [16, 23]. It would
be interesting to pursue this connection further. It would also be interesting to repeat our
analysis for backgrounds of the form AdSd ×M10−d, along the lines of [14].
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A. Spinors and gamma matrices in Euclidean spaces
In this section we list some useful relations and explain in more detail our spinor conventions
for general even-dimensional Euclidean spaces of dimension 2k.
The charge conjugation matrix obeys:
CTr = (−) 12k(k+1)C ; C∗ = (−) 12k(k+1)C−1 ; γTrm = (−)kC−1γmC . (A.1)
The complex conjugate ηc of a spinor η is given by:
ηc := Cη∗ , (A.2)
form which it follows that:
(ηc)c = (−) 12k(k+1)η . (A.3)
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The chirality matrix γ2k+1 is defined by:
γ2k+1 := i
kγ1 . . . γ2k , (A.4)
and obeys
γTr2k+1 = (−)kC−1γ2k+1C , (A.5)
as follows from eqs. (A.4, A.1). The chirality projector:
P± :=
1
2
(1± γ2k+1) , (A.6)
projects a Dirac spinor χ onto the chiral, antichiral Weyl parts χ±:
χ± = P±χ . (A.7)
Taking eq. (A.5) into account we obtain:
C−1P± =
{
PTr± C−1 , k = even
PTr∓ C−1 , k = odd
. (A.8)
Covariantly-transforming spinor bilinears must be of the form (ψ˜γm1...mpχ), where in any
dimension we define:
ψ˜ := ψTrC−1 . (A.9)
Using eq. (A.8) we find:
(ψ˜±γm1...m2lχ∓) = 0 = (ψ˜±γm1...m2l+1χ±) , k = even
(ψ˜±γm1...m2lχ±) = 0 = (ψ˜±γm1...m2l+1χ∓) , k = odd .
(A.10)
Moreover:
(ψ˜γm1...mpχ) = (−)kp+
1
2
k(k+1)(χ˜γmp...m1ψ) = (−)
1
2
(k−p)(k−p+1)(χ˜γm1...mpψ) . (A.11)
The identity
γ∗m1...mp = (−)kpC−1γm1...mpC , (A.12)
can be used to show the following relations:
(ψ˜γm1...mpχ)
∗ = (−)kp(ψ˜cγm1...mpχc)
(ψ˜γm1...mpχ
c)∗ = (−)kp+ 12k(k+1)(ψ˜cγm1...mpχ) .
(A.13)
B. Explicit solution of the supersymmetry equations in d = 6
In this section we give the details of the derivation of the explicit solution of the Killing
spinor equations for type II R1,5 × M4 flux backgrounds with minimal supersymmetry
in six dimensions. The IIA, IIB cases are treated separately in sections B.1, B.2 below.
The requirement that the background admits a pair of globally-defined, nowhere-vanishing
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pure spinors, leads to a different topological condition in each case: on the type IIA side
it implies the trivialization of the structure group of TM4, while on the IIB side it implies
the reduction of the structure group of TM4 to SU(2); see [24, 25] for a recent discussion.
The explicit solution of the Killing spinor equations (i.e. the supersymmetry conditions)
given below can be seen to be identical to the solution of the set of pure-spinor equations
(4.11) of section 4.2 – which are the differential conditions obeyed by static, magnetic
D-brane calibrations. Thus we provide here for the d = 6 case a proof of the one-to-one
correspondence between background supersymmetry pure-spinor equations and D-brane
calibrations.
Our starting point is the ten-dimensional supersymmetry equations:
0 =
(
/∂Φ +
1
2
/H
)
1 +
(
1
16
eΦΓM /FΓMΓ11
)
2
0 =
(
/∂Φ− 1
2
/H
)
1 −
(
1
16
eΦΓMσ(/F )ΓMΓ11
)
1
0 =
(
∇M + 1
4
/HM
)
1 +
(
1
16
eΦ /FΓMΓ11
)
2
0 =
(
∇M − 1
4
/HM
)
2 −
(
1
16
eΦσ(/F )ΓMΓ11
)
1 ,
(B.1)
where the ten-dimensional Majorana-Weyl Killing spinors are decomposed as in (3.5). The
ten-dimensional gamma matrices ΓM are decomposed as follows:
Γµ = γˆµ ⊗ 1 , Γm+5 = γˆ7 ⊗ γm , (B.2)
where {γˆµ, µ = 0, . . . , 5}, {γm, m = 1, . . . , 4} are six-, four-dimensional gamma matrices,
respectively, and γˆ7 is the six-dimensional chirality matrix. In the following subsections we
will consider the IIA, IIB cases separately.
B.1 IIA
We may parameterize the internal nowhere-vanishing, globally-defined Weyl spinors η1,2 in
the Killing-spinor ansatz in (3.5) as follows:
η1 = a η , η2 = b χ , (B.3)
where η, χ are unimodular Weyl spinors of opposite chirality and |a|2 = |b|2. Moreover we
can choose without loss of generality the phases of η, χ so that a = b ∈ R.
The pair of nowhere-vanishing, globally-defined Weyl spinors η, χ trivializes the tangent
bundle of M4, so that the structure group reduces to 1. This can also be seen by con-
structing a pair of complex vectors:
um = η˜γmχ ; vm = η˜γmχc . (B.4)
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As can be proven by Fierzing, the four real globally-defined vectors Reu, Imu, Rev, Imv
are unimodular and mutually orthogonal; hence they provide an explicit trivialization of
the tangent bundle TM4.
Let us also mention that in deriving the general solution to the Killing spinor equations,
it will be useful to take the following relations into account:
γmη = vmχ− umχc
γmη
c = v∗mχ
c + u∗mχ
γmχ = v
∗
mη + umη
c
γmχ
c = vmη
c − u∗mη ,
(B.5)
which can be shown by Fierzing.
We now proceed by decomposing all forms on the basis of u, v – which can also be thought
of as one-forms given the existence of a metric on M4; in the following we will use the
same notation for both the vectors and the one forms.
The most general decomposition of the various components of the (magnetic) RR flux F ,
cf. eq. (3.3), reads as follows:
F = F0 + F2 + F4 , (B.6)
with:
eΦF0 = f
(0)
eΦF2 =
1
2
(if
(2)
1 u ∧ u∗ + if (2)2 v ∧ v∗ + f (2)3 u ∧ v + f (2)∗3 u∗ ∧ v∗ + f (2)4 u ∧ v∗ + f (2)∗4 u∗ ∧ v)
eΦF4 =
1
4
f (4)u ∧ v ∧ u∗ ∧ v∗ ,
(B.7)
where f (0), f
(2)
1,2 , f
(4) are real scalars, and f
(2)
3,4 are complex scalars. Similarly, we decompose
the NSNS three-form as follows:
H = ?4 (h1u+ h2v + c.c.) , (B.8)
where h1,2 are complex scalars.
We also need the decompositions of the derivatives of the real scalars Φ, A, a:
∂mΦ =
1
2 (u
∗
mϕu + v
∗
mϕv + c.c.)
∂mA =
1
2 (u
∗
mAu + v
∗
mAv + c.c.)
∂ma =
1
2 (u
∗
m(∂a)u + v
∗
m(∂a)v + c.c.) ,
(B.9)
where ϕu, ϕv, Au, Av, (∂a)u, (∂a)v, are complex scalars.
The torsion classes of the (trivial) structure of TM4 parameterize the failure of η, χ to be
covariantly constant. Explicitly, we define the torsion classes W(i)m , i = 1, . . . 4, via:
∇mη =W(1)m η +W(2)m ηc
∇mχ =W(3)m χ+W(4)m χc ,
(B.10)
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where W(2,4) are complex one-forms, and W(1,3) are imaginary one-forms; the latter prop-
erty follows from the definition (B.10) upon taking the unimodularity of η, χ into account.
Explicitly, for i = 1, . . . , 4 we decompose:
W(i) = 12(u∗W(i)u + v∗W(i)v + uW
(i)
u∗ + vW(i)v∗ ) , (B.11)
where W(i)u W(i)v , W(i)u∗ , W(i)v∗ are complex scalars. Moreover, the fact that W(1,3) are
imaginary implies:
W(i)u∗ = −W(i)u ; W(i)v∗ = −W(i)v , (B.12)
for i = 1, 3. Let us also note that alternatively the torsion classes can be defined in terms
of the exterior derivatives of u, v. Indeed, from eq. (B.10) we have, upon taking definition
(B.4) into account:
du = (W(1) +W(3)) ∧ u+W(4) ∧ v −W(2) ∧ v∗
dv = (W(1) −W(3)) ∧ v −W(4)∗ ∧ u+W(2) ∧ u∗ .
(B.13)
We are now ready to give the general solution to the background supersymmetry equations,
by plugging the above expansions into the Killing spinor equations (B.1), taking eq. (B.5)
into account. The solution is parameterized in terms of eight real unconstrained scalar
degrees of freedom which we may take to be f (0), f
(2)
1 , f
(2)
4 , ϕu, ϕv (recall that the last
two complex scalars parameterize ∂mΦ). Explicitly, the torsion classes are given by:
W (1)u =
1
2
ϕu − f (2)∗4
W (1)v =
1
2
ϕv − i
4
f
(2)
1 −
1
2
f (0)
W (2)u = 0
W (2)v = −
1
2
f
(2)∗
4
W
(2)
u∗ = ϕv − if (2)1 − f (0)
W
(2)
v∗ = −ϕu +
3
2
f
(2)∗
4
W (3)u =
1
2
ϕu − f (2)∗4
W (3)v = −
1
2
ϕv +
i
4
f
(2)
1 +
1
2
f (0)
W (4)u = 0
W (4)v = ϕu −
3
2
f
(2)∗
4
W
(4)
u∗ = −ϕ∗v − if (2)1 + f (0)
W
(4)
v∗ =
1
2
f
(2)∗
4 .
(B.14)
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The NSNS and RR fluxes are given by:
h1 = −ϕ∗u +
3
2
f
(2)
4
h2 = −ϕ∗v −
3i
4
f
(2)
1 +
5
4
f (0)
f
(2)
2 = 0
f
(2)
3 = −f (2)4
f (4) = 0 .
(B.15)
Finally, the derivatives of a, A, cf. eq. (B.9), read:
(∂a)u =
a
4
f
(2)∗
4
(∂a)v =
ia
8
f
(2)
1 +
a
8
f (0)
(B.16)
and
Au =
1
2
f
(2)∗
4
Av =
i
4
f
(2)
1 +
1
4
f (0) .
(B.17)
We therefore see explicitly that |a|2 ∝ eA, as already mentioned above eq. (3.14).
To make contact with the supersymmetry equations in pure-spinor form (4.11), we note
that the definition (2.2) implies:
Ψ1 = v − 1
2
u ∧ v ∧ u∗
Ψ2 = u+
1
2
u ∧ v ∧ v∗ ,
(B.18)
where we have taken eqs. (B.3), (B.4), (B.5) into account. It is then straightforward to show
that the solution of the Killing spinor equations given above is identical to the solution one
obtains by substituting (B.18) into eqs. (4.11), taking (B.7) - (B.9), (B.13) into account.
B.2 IIB
We parameterize the internal nowhere-vanishing, globally-defined Weyl spinors η1,2 in the
Killing-spinor ansatz in (3.5) as follows:
η1 = a η , η2 = b η + c η
c , (B.19)
where η is a unimodular Weyl spinor of positive chirality. Without loss of generality we
may choose the phase of η so that a ∈ R; the scalars b, c are in general complex.
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The nowhere-vanishing, globally-defined Weyl spinor η reduces the structure group of the
tangent bundle of M4 to SU(2). This can also be seen by constructing a real two-form j
and a complex two-form ω on M4 as spinor bilinears:
jmn = iη˜γmnη
c ωmn = −iη˜γmnη . (B.20)
The pair (j, ω) defined above, can be seen by Fierzing to obey the definition of an SU(2)
structure:
j ∧ ω = 0 ; j ∧ j = 1
2
ω ∧ ω∗ 6= 0 . (B.21)
OnM4 there is an almost complex structure, which can be given explicitly in terms of the
projectors: (
Π±
)
m
n :=
1
2
(δm
n ∓ ijmn) . (B.22)
A one-form V can thus be decomposed into (1,0) and (0,1) parts V +, V − with respect
to the almost complex structure via: V ±m := (Π±)m
nVn . We will also make use of the
following definitions:
V˜ −m =
i
2ω
∗
mnV
n+
V˜ +m = − i2ωmnV n− ,
(B.23)
for any real vector Vm. Let us also mention that in deriving the general solution to the
Killing spinor equations, it will be useful to take the following relations into account:
γmnη = ijmnη + iωmnη
c
γmnη
c = −ijmnηc + iω∗mnη ,
(B.24)
which can be shown by Fierzing; see [9, 26, 24, 25] for a more detailed discussion of SU(2)
structures.
The torsion classes of the SU(2) structure of TM4 parameterize the failure of η to be
covariantly constant. Explicitly, we define the torsion classes W(i)m , i = 1, 2, via:
∇mη =W(1)m η +W(2)m ηc , (B.25)
where as in the IIA case, W(2) is a complex one-form, and W(1) is an imaginary one-form.
Alternatively the torsion classes can be defined in terms of the exterior derivatives of j, ω.
Indeed, from eq. (B.25) we have, upon taking definition (B.20) into account:
dj =W∗2 ∧ ω +W2 ∧ ω∗
dω = 2W1 ∧ ω − 2W2 ∧ j .
(B.26)
As already mentioned, the spinor η further reduces the structure group of TM4 from
SO(4) ∼= SU(2)× SU(2)′ (which is accomplished by the existence of a Riemannian metric
onM4) to SU(2). The spinors η, ηc are singlets under the first SU(2) factor, whereas they
transform as an SU(2)′ doublet under the second factor. Moreover there is an alternative
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SU(2)′-covariant description of the SU(2) structure on TM4 and its associated torsion
classes, which can be seen as follows:12 Let us define a triplet of real two-forms ji, and a
triplet of real one-forms Wi, i = 1, 2, 3, via
(j1, j2, j3) := (j,Reω,−Imω) ; (W1,W2,W3) := (ImW(1), ImW(2),−ReW(2)) . (B.27)
It can be seen that the ji’s transform as a triplet of SU(2)
′, and moreover eqs. (B.26) can
be cast in an SU(2)′-covariant form:
djm = 2εmnpWn ∧ jp . (B.28)
We may use this SU(2)′ gauge freedom to rotate the torsion classes in eq. (B.26) to a more
standard form, as in [9].
We now proceed by giving the most general ansatz for all forms. The (magnetic) RR flux
F , cf. eq. (3.3), can be expanded as:
F = F1 + F3 , (B.29)
with:
eΦF1 = f
(1)
eΦF3 = ?4f
(3) ,
(B.30)
where f (1), f (3), are real one-forms onM4. Similarly, we decompose the NSNS three-form
as follows:
H = ?4h , (B.31)
where h is a real one-form.
We are now ready to give the solution to the background supersymmetry equations, by
plugging the above expansions into the Killing spinor equations (B.1), taking eq. (B.24)
into account. The equality of the norms of η1,2 imposes:
a2 = |b|2 + |c|2 , (B.32)
which we will assume to hold in the following; moreover, we will take b ∈ R for simplicity.
Explicitly, the fluxes are given by:
f (1)m = −
4
a
(
c(∂˜mA)
− + c∗(∂˜mA)+
)
f (3)m =
4b
a
(∂mA)
hm = −4b
a2
(
c(∂˜mA)
− + c∗(∂˜mA)+
)
.
(B.33)
12The following two equations were worked out together with Diederik Roest.
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The torsion classes read:
W(1)+m =
2b2 − a2
2a2
(∂mA)
+
W(1)−m = −
2b2 − a2
2a2
(∂mA)
−
W(2)+m =
b
a2
(
c(∂mA)
+ + b(∂˜mA)
+
)
W(2)−m =
c
a2
(
c(∂˜mA)
− + b(∂mA)−
)
.
(B.34)
Moreover, we have:
(∂ma) =
a
2
(∂mA)
(∂mb) =
1
2
b
5a2 − 4b2
a2
(∂mA)
(∂mc) = c
a2 − 4b2
2a2
(∂mA)
(B.35)
and
(∂mΦ) =
2(a2 + |c|2)
a2
(∂mA)
− . (B.36)
To make contact with the supersymmetry equations in pure-spinor form (4.11), we note
that the definition (2.2) implies:
Ψ1 =
1
a
(b− bvol4 − i(bj + c∗ω))
Ψ2 =
1
a
(c− cvol4 + i(bω − cj)) ,
(B.37)
where vol4 is the volume form of M4, and we have taken eqs. (B.19), (B.20), (B.24) into
account. It is then straightforward to show that the solution of the Killing spinor equations
given above also solves eqs. (4.11), upon taking (B.37), (B.26), (B.30), (B.31) into account.
C. Explicit examples
As an illustration of the pure-spinor formalism in the d = 6 case, we will now construct
a type IIB warped K3 solution with spacetime-filling D5 branes localized on the K3. We
also construct a IIA warped S1×T 3 solution with spacetime-filling D6 branes localized on
the T 3 and wrapping the S1. The two solutions are related by T-duality, in the case where
on the IIB side the K3 is replaced by a T 4.
The IIB solution
The ten-dimensional metric is of the form:
ds2 = e2Ads2(R1,5) + e−2Ads2(K3) . (C.1)
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Correspondingly, the SU(2) structure (j, ω) obeys:
d(e2Aj) = d(e2Aω) = 0 . (C.2)
Taking the equations above into account, it can be seen that the pure spinors of eq. (B.37)
solve the supersymmetry equations (4.11), provided the remaining fields are given by:
F1 = 0
F3 = 4e
−2A ?4 dA
H = 0
Φ = 2A ,
(C.3)
and we also set: a = b, c = 0. In order to have a solution to the full set of equations of
motion, it suffices to impose in addition the Bianchi equations for all fields [21, 22, 13]. It
is not difficult to see that this leads to one additional equation:
∇2K3e−4A = 0 , (C.4)
i.e. e−4A is harmonic with respect to the K3 metric.13 The solution also admits spacetime-
filling D5 branes localized on K3 (as can be seen from the form of the RR three-form flux
in the solution above), which can be introduced by replacing the right-hand side above
with a delta function on K3.
Upon replacing the K3 by a T 4, the solution coincides with the one obtained using the
‘harmonic superposition rules’ for a stack of D5 branes in flat space (see [27] for a review).
Moreover, one can ‘smear’ the warp factor A along one direction of the torus (i.e. assume
that A is independent of the corresponding coordinate) and T-dualize to IIA along the
smeared direction. The T-dual is a warped S1 × T 3 solution with spacetime-filling D6
branes localized on the T 3 and wrapping the S1.
The IIA solution
We would now like to describe the T-dual warped S1 × T 3 solution with spacetime-filling
D6 branes, mentioned in the previous subsection, in the language of pure spinors.
The ten-dimensional metric is of the form:
ds2 = e2A
(
ds2(R1,5) + dλ2
)
+ e−2Ads2(T 3) , (C.5)
where the coordinate λ parameterizes an S1. Correspondingly, the complex one-forms u,
v may be chosen as follows:
u = e−A
(
dy21 + idy
2
2
)
; v = eAdλ2 + ie−Ady23 , (C.6)
13A harmonic function on a smooth Riemannian manifold without boundary is constant; in our case this
would lead to a constant warp factor, and all flux would vanish.
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where y1, y2, y3 are coordinates of T
3 such that ds2(T 3) = dyidyi. Taking the equations
above into account, it can be seen that the pure spinors of eq. (B.18) solve the supersym-
metry equations (4.11), provided the remaining fields are given by:
F0 = 0
F2 = −4e−2A ?4 (dA ∧ dλ)
F4 = 0
H = 0
Φ = 3A .
(C.7)
In order to have a solution to the full set of equations of motion, it suffices to impose in
addition the Bianchi equations for all fields [21, 22, 13]. It is not difficult to see that this
leads to one additional equation:
∇2T3e−4A = 0 , (C.8)
i.e. e−4A is harmonic with respect to the metric on T 3 (cf. the last footnote). The solution
also admits spacetime-filling D6 branes localized on T 3 and wrapping the S1 parameterized
by λ (as can be seen from the form of the RR two-form flux in the solution above), which
can be introduced by replacing the right-hand side above with a delta function on T 3.
References
[1] N. Hitchin, Generalized Calabi-Yau manifolds, Quart.J.Math.Oxford Ser. 54 (2003) 281–308,
[math/0209099].
[2] M. Gualtieri, Generalized complex geometry, math/0401221. Ph.D. Thesis (Advisor: Nigel
Hitchin).
[3] P. Koerber, Lectures on Generalized Complex Geometry for Physicists, 1006.1536.
[4] M. Gran˜a, R. Minasian, M. Petrini, and A. Tomasiello, Generalized structures of N=1 vacua,
JHEP 0511 (2005) 020, [hep-th/0505212].
[5] G. Gibbons and G. Papadopoulos, Calibrations and intersecting branes, Commun.Math.Phys.
202 (1999) 593–619, [hep-th/9803163].
[6] J. Gutowski and G. Papadopoulos, AdS calibrations, Phys.Lett. B462 (1999) 81–88,
[hep-th/9902034].
[7] J. Gutowski, G. Papadopoulos, and P. Townsend, Supersymmetry and generalized
calibrations, Phys.Rev. D60 (1999) 106006, [hep-th/9905156].
[8] J. P. Gauntlett, D. Martelli, S. Pakis, and D. Waldram, G structures and wrapped
NS5-branes, Commun.Math.Phys. 247 (2004) 421–445, [hep-th/0205050].
[9] J. P. Gauntlett, D. Martelli, and D. Waldram, Superstrings with intrinsic torsion, Phys.Rev.
D69 (2004) 086002, [hep-th/0302158].
[10] D. Martelli and J. Sparks, G structures, fluxes and calibrations in M theory, Phys.Rev. D68
(2003) 085014, [hep-th/0306225].
– 26 –
[11] P. Koerber, Stable D-branes, calibrations and generalized Calabi-Yau geometry, JHEP 0508
(2005) 099, [hep-th/0506154].
[12] L. Martucci and P. Smyth, Supersymmetric D-branes and calibrations on general N=1
backgrounds, JHEP 0511 (2005) 048, [hep-th/0507099].
[13] P. Koerber and D. Tsimpis, Supersymmetric sources, integrability and generalized-structure
compactifications, JHEP 0708 (2007) 082, [0706.1244].
[14] P. Koerber and L. Martucci, D-branes on AdS flux compactifications, JHEP 0801 (2008) 047,
[0710.5530].
[15] P. Koerber and L. Martucci, From ten to four and back again: How to generalize the
geometry, JHEP 0708 (2007) 059, [0707.1038].
[16] D. Lu¨st, F. Marchesano, L. Martucci, and D. Tsimpis, Generalized non-supersymmetric flux
vacua, JHEP 0811 (2008) 021, [0807.4540].
[17] D. Tsimpis, M-theory on eight-manifolds revisited: N=1 supersymmetry and generalized
spin(7) structures, JHEP 0604 (2006) 027, [hep-th/0511047].
[18] J. McOrist, D. R. Morrison, and S. Sethi, Geometries, Non-Geometries, and Fluxes,
1004.5447.
[19] K. Becker and M. Becker, M theory on eight manifolds, Nucl.Phys. B477 (1996) 155–167,
[hep-th/9605053].
[20] M. Gran˜a, R. Minasian, M. Petrini, and A. Tomasiello, A Scan for new N=1 vacua on
twisted tori, JHEP 0705 (2007) 031, [hep-th/0609124].
[21] D. Lu¨st and D. Tsimpis, Supersymmetric AdS(4) compactifications of IIA supergravity, JHEP
0502 (2005) 027, [hep-th/0412250].
[22] J. P. Gauntlett, D. Martelli, J. Sparks, and D. Waldram, Supersymmetric AdS(5) solutions of
type IIB supergravity, Class.Quant.Grav. 23 (2006) 4693–4718, [hep-th/0510125].
[23] J. Held, D. Lu¨st, F. Marchesano, and L. Martucci, DWSB in heterotic flux compactifications,
JHEP 1006 (2010) 090, [1004.0867].
[24] H. Triendl and J. Louis, Type II compactifications on manifolds with SU(2) x SU(2)
structure, JHEP 0907 (2009) 080, [0904.2993].
[25] H. Triendl, Generalized Geometry and Partial Supersymmetry Breaking, 1010.1159.
[26] J. Bovy, D. Lu¨st, and D. Tsimpis, N = 1,2 supersymmetric vacua of IIA supergravity and
SU(2) structures, JHEP 0508 (2005) 056, [hep-th/0506160].
[27] D. Youm, Black holes and solitons in string theory, Phys.Rept. 316 (1999) 1–232,
[hep-th/9710046].
– 27 –
